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REDUCED ARCHIMEDEAN SKEW POLYNOMIAL RINGS AND
SKEW POWER SERIES RINGS
RYSZARD MAZUREK
Abstract. We characterize skew polynomial rings and skew power series rings
that are reduced and right or left Archimedean.
1. Introduction
We begin by recalling what Archimedean rings are, in which context they ap-
peared, and presenting shortly the contents of this paper. In this paper rings are
associative with unity, but not necessarily commutative. For a ring R, R[x] denotes
the polynomial ring, R[[x]] the power series ring, U(R) the group of units of R,
J(R) the Jacobson radical of R, and if R is a commutative domain, then Q(R)
denotes the quotient field of R.
Let D be a commutative domain and let K be the quotient field of D. It is easy
to see that the polynomial rings D[x] and K[x] have the same quotient field, i.e.,
Q(D[x]) = Q(K[x]). However, as observed by Gilmer in [11], the quotient fields of
the power series rings D[[x]] and K[[x]] need not coincide. For instance, it follows
from Gilmer’s theorem [11, Theorem 1] that if
⋂
n∈N
anD = 0 for some a ∈ D \ {0},
then Q(D[[x]]) 6= Q(K[[x]]). In [20] Sheldon generalized Gilmer’s result by repla-
cing K with the fraction ring DS of D with respect to a multiplicative subset S
of D. In [20, Corollary 3.9] he proved that Q(D[[x]]) 6= Q(DS [[x]]) holds for every
S 6⊆ U(D) if and only if
(1.1)
⋂
n∈N
anD = 0 for every a ∈ D \ U(D).
In [20, Definitions 3.6], Sheldon coined the name an Archimedean domain for a
commutative domain that satisfies condition (1.1), motivating the use of the word
“Archimedean” by the strong parallel from the theory of Archimedean partially
ordered groups. The class of Archimedean domains includes, e.g., ACCP domains,
Mori domains, one-dimensional domains and completely integrally closed domains
(see [9]). Archimedean domains were investigated in many papers, e.g. in [1, 3, 5,
6, 7, 8, 10, 13].
In [19] the concept of a commutative Archimedean domain was extended to
noncommutative domains and in [18] a more general notion of a right (left) Archi-
medean ring was introduced as follows.
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Definition 1.1. A ring R is said to be right (resp. left) Archimedean if
⋂
n∈N
Ran = 0 (resp.
⋂
n∈N
anR = 0) for any a ∈ R \ U(R).
The notions of a right Archimedean ring and a left Archimedean ring are indepen-
dent, even in the class of domains, as [16, Example 5.8] shows.
Let R be a ring and α an endomorphism of R. The skew polynomial ring R[x;α]
(resp. the skew power series ring R[[x;α]]) consists of polynomials (resp. power
series) over R in the variable x with coefficients written on the left of powers of x,
with term-wise addition and with multiplication subject to the relation xa = α(a)x
for a ∈ R. Elements of the set R \ U(R) are called nonunits of R, and we say that
α preserves nonunits of R if α(R \ U(R)) ⊆ R \ U(R).
In [19], Nasr-Isfahani obtained the following characterizations of skew polynomial
rings and skew power series rings that are right or left Archimedean domains.
Theorem 1.2. (Nasr-Isfahani [19, Theorems 2.9, 2.11]) Let R be a ring and α an
endomorphism of R.
(a) The following conditions are equivalent:
(i) R[x;α] is a right Archimedean domain.
(ii) R[[x;α]] is a right Archimedean domain.
(iii) R is a right Archimedean domain, α is injective and α preserves non-
units of R.
(b) The following conditions are equivalent:
(i) R[x;α] is a left Archimedean domain.
(ii) R[[x;α]] is a left Archimedean domain.
(iii) R is a left Archimedean domain and α is injective.
Recall that a ring R is said to be reduced if R has no nonzero nilpotent elements;
these rings are a natural generalization of domains. Recently in [17, Theorem 2.2],
reduced skew power series rings R[[x;α]] which are right (or left) Archimedean
were characterized under the additional assumption that the ring R satisfies ACC
on annihilators and α is a surjective and rigid endomorphism of R.
In this paper we characterize, in full generality (i.e., with no initial conditions
on R or α), the skew polynomial rings R[x;α] and skew power series rings R[[x;α]]
that are reduced and right or left Archimedean. To get the results we use methods
that are different from those in [17].
The paper is organized as follows. In Section 2 we prove some general results
on one-sided Archimedean rings. In Section 3 we characterize skew polynomial
rings which are reduced and right or left Archimedean. Surprisingly, these rings
are necessarily domains, as we will see in Theorems 3.3 and 3.4. The main results
of Section 4 are Theorems 4.4 and 4.5 in which we characterize skew power series
rings that are reduced and right (resp. left) Archimedean. In the same section we
also provide an example of a right and left Archimedean skew power series ring
which is reduced but not a domain (see Example 4.9).
2. Preliminaries
In this short section we collect some properties of Archimedean rings, which will
be used in later parts of the paper. We start with an easy observation on passing
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the right (resp. left) Archimedean condition from a ring to its subrings (see [16,
Proposition 5.1]; cf. [18, Proposition 3.5]).
Proposition 2.1. Let A be a subring of a ring B such that A ∩ U(B) ⊆ U(A). If
B is right (resp. left) Archimedean, then so is A.
An element a of a ring R is called a right (resp. left) zero-divisor of R if there
exists b ∈ R \ {0} such that ba = 0 (resp. ab = 0). Recall that a ring R is said to
be Dedekind-finite if for any a, b ∈ R, ab = 1 implies ba = 1.
Lemma 2.2. If a ring R is right (resp. left) Archimedean, then
(a) For any a, b, c ∈ R, if a = bac and a 6= 0 then c ∈ U(R) (resp. b ∈ U(R)).
(b) All right (resp. left) zero-divisors of R belong to J(R).
(c) 0 and 1 are the only idempotents of R.
(d) R is Dedekind-finite.
Proof. We consider only the case where R is right Archimedean. The left Archi-
medean case follows by analogous arguments.
(a): If a = bac, then a = b(bac)c = b2ac2 = b2(bac)c2 = b3ac3, and continuing in
this way we obtain a = bnacn for any n ∈ N. Hence a ∈
⋂
n∈NRc
n, and since R is
right Archimedean and a 6= 0, c ∈ U(R) follows.
(b): Suppose, for contradiction, that there exists a right zero-divisor c ∈ R such
that c 6∈ J(R). Then ac = 0 for some a ∈ R \ {0} and there exists a maximal right
idealM of R such that c 6∈M . The maximality ofM implies cR+M = R and thus
cr +m = 1 for some r ∈ R and m ∈M . Now, a = a(cr +m) = (ac)r + am = am,
and since a 6= 0, (a) implies m ∈ U(R), a contradiction.
(c) follows immediately from (a).
(d) is a direct consequence of (c). 
Remark 2.3. It is an immediate consequence of Lemma 2.2(b) that each semipri-
mitive ring (i.e., a ring R with J(R) = 0) which is right or left Archimedean is
automatically a domain. From this observation it follows that a von Neumann
regular ring R is right or left Archimedean if and only if R is a division ring.
3. Reduced Archimedean skew polynomial rings
In this section we will characterize reduced skew polynomial rings that are right
or left Archimedean. We start with the following observation.
Proposition 3.1. Let R be a ring and α an endomorphism of R such that the skew
polynomial ring R[x;α] is right (resp. left) Archimedean. If f is a right (resp. left)
zero-divisor of R[x;α], then fx is nilpotent.
Proof. Assume R[x;α] is right (resp. left) Archimedean and let f be a right (resp.
left) zero-divisor ofR[x;α]. Then f ∈ J(R[x;α]) by Lemma 2.2(b) and thus 1+fx ∈
U(R[x;α]). Since R[x;α] is a subring of the skew power series ring R[[x;α]] and
1 + fx is invertible in R[[x;α]] with
(3.1) (1 + fx)−1 = 1− fx+ (fx)2 − (fx)3 + · · · ,
the power series (3.1) has to be also the inverse of 1 + fx in R[x;α] and thus the
power series (3.1) is, in fact, a polynomial. Hence fx is nilpotent. 
For a ring R, let Zr(R) (resp. Zl(R)) denote the set of right (resp. left) zero-
divisors of R, and let N(R) denote the set of nilpotent elements of R.
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Corollary 3.2. Let R be a ring such that the polynomial ring A = R[x] is right
(resp. left) Archimedean. Then Zr(A) = N(A) ⊆ J(A) (resp. Zl(A) = N(A) ⊆
J(A)).
Proof. Assume R is right Archimedean. The containment Zr(A) ⊆ N(A) follows
from Proposition 3.1, and since the opposite containment is obvious, we obtain
Zr(A) = N(A). Now applying Lemma 2.2(b) completes the proof of the right
Archimedean case. The left Archimedean case follows by an analogous argument.

In the following two theorems we characterize reduced right (resp. left) Archime-
dean skew polynomial rings.
Theorem 3.3. Let R be a ring and α an endomorphism of R. Then the following
conditions are equivalent:
(i) R[x;α] is a reduced right Archimedean ring.
(ii) R[x;α] is a right Archimedean domain.
(iii) R is a right Archimedean domain, α is injective and α preserves nonunits
of R.
Proof. (i) ⇔ (ii): Assume (i) and suppose, for contradiction, that R[x;α] is not a
domain. Then there exists a nonzero right zero-divisor f ∈ R[x;α]. Since R[x;α]
is reduced and right Archimedean, Proposition 3.1 implies fx = 0 and thus f = 0,
a contradiction. Hence R[x;α] is a right Archimedean domain and the proof of the
implication (i) ⇒ (ii) is complete. The opposite implication is obvious.
(ii) ⇔ (iii): This equivalence follows from Theorem 1.2(a). 
Theorem 3.4. Let R be a ring and α an endomorphism of R. Then the following
conditions are equivalent:
(i) R[x;α] is a reduced left Archimedean ring.
(ii) R[x;α] is a left Archimedean domain.
(iii) R is a left Archimedean domain and α is injective.
Proof. The equivalence (i) ⇔ (ii) can be proved similarly as the equivalence (i) ⇔
(ii) in Theorem 3.3. The equivalence (ii) ⇔ (iii) follows from Theorem 1.2(b). 
As an immediate consequence of Theorems 3.3 and 3.4 we obtain the following
corollary.
Corollary 3.5. For any ring R the following conditions are equivalent:
(i) R[x] is a reduced right (resp. left) Archimedean ring.
(ii) R[x] is a right (resp. left) Archimedean domain.
(iii) R is a right (resp. left) Archimedean domain.
Looking at Corollary 3.5 one could conjecture that for a one-sided Archimedean
ring, to be reduced is equivalent to be a domain. However, this is not the case, as
we will see in Example 4.8.
4. Reduced Archimedean skew power series rings
This section is devoted to characterizations of skew power series rings that are
reduced and right or left Archimedean. In this context the concept of a rigid
endomorphism appears naturally, as we can see in Proposition 4.1 below. Recall
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from [15] that an endomorphism α of a ring R is said to be rigid if aα(a) = 0
implies a = 0, for any a ∈ R. Note that if α is rigid, then α is injective and R is
reduced (see [14, p. 218]).
Proposition 4.1. (Krempa [15, Corollary 3.5]) Let R be a ring and α an endo-
morphism of R. Then the skew power series ring R[[x;α]] is reduced if and only if
α is rigid.
Recall from [2] that an endomorphism α of a ring R is said to be compatible if
for any a, b ∈ R we have ab = 0 if and only if aα(b) = 0. We will need the following
well-known relationship between rigid and compatible endomorphisms (see, e.g.,
[12, Lemma 2.2]).
Lemma 4.2. Let R be a ring and α an endomorphism of R. Then α is rigid if
and only if α is compatible and R is reduced.
We will also need the following observation.
Lemma 4.3. Let R be a ring and α a rigid endomorphism of R. Then for any posi-
tive integer n, any permutation σ of the set {1, . . . , n}, any elements a1, . . . , an ∈ R
and any nonnegative integers t1, . . . , tn and k1, . . . , kn,
αt1(ak11 )α
t2(ak22 ) · · ·α
tn(aknn ) = 0 if and only if aσ(1)aσ(2) · · ·aσ(n) = 0.
Proof. It suffices to show that the following two equivalences hold:
αt1(ak11 )α
t2(ak22 ) · · ·α
tn(aknn ) = 0⇔ a
k1
1 a
k2
2 · · ·a
kn
n = 0⇔ aσ(1)aσ(2) · · ·aσ(n) = 0.
Since α is rigid, α is compatible and R is reduced by Lemma 4.2. Thus the first
of the above equivalences follows from [4, Lemma 3.1], and the second one is an
immediate consequence of [15, Lemma 1.2]. 
Now we are ready to characterize skew power series rings that are reduced and
right Archimedean.
Theorem 4.4. Let R be a ring and α an endomorphism of R. Then the following
conditions are equivalent:
(i) R[[x;α]] is a reduced right Archimedean ring.
(ii) R is a right Archimedean ring, α is rigid and α preserves nonunits of R.
(iii) R is a reduced right Archimedean ring, α is compatible and α preserves
nonunits of R.
Proof. (i) ⇒ (ii): Assume (i). Then R is right Archimedean by Proposition 2.1,
and α is rigid by Proposition 4.1. Let a be a nonunit of R and suppose α(a) ∈
U(R). Since xa = α(a)x, we obtain x = α(a)−1xa and thus Lemma 2.2(a) implies
a ∈ U(R), a contradiction. Hence α preserves nonunits of R.
(ii) ⇒ (i): Denote A = R[[x;α]]. Since α is rigid, A is reduced by Proposition
4.1. To prove that A is right Archimedean, let f =
∑
∞
i=0 fix
i ∈ A and g =∑
∞
i=0 gix
i ∈ A be such that f ∈
⋂
n∈NAg
n. Thus for any n ∈ N there exists
hn =
∑
∞
i=0 h
(n)
i x
i ∈ A such that f = hng
n. If g0 ∈ U(R) then g ∈ U(A). Hence
we assume that g0 6∈ U(R), and to prove that A is right Archimedean, it suffices
to show that f = 0. We will prove by induction on m that for every m ≥ 0 the
following condition (4.1) holds for all k ≤ m, which obviously implies f = 0:
(4.1) fk = h
(n)
k g0 = 0 for any n > k.
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We prove first that (4.1) holds for m = 0. In this case, (4.1) reduces to
(4.2) f0 = h
(n)
0 g0 = 0 for any n > 0.
To prove (4.2), let n > 0. Equating constant terms on each side of f = hng
n gives
(4.3) f0 = h
(n)
0 g
n
0 ,
and thus f0 ∈ Rg
n
0 . Therefore, f0 ∈
⋂
n∈NRg
n
0 , and since R is right Archimedean
and g0 6∈ U(R), it follows that f0 = 0. Hence by (4.3) we have h
(n)
0 g
n
0 = 0, and
thus h
(n)
0 g0 = 0 by Lemma 4.3, which proves (4.2), so also proves the m = 0 case.
Assume that m ≥ 1 and (4.1) holds for any k < m. To complete the proof, it
suffices to show that (4.1) holds for k = m, i.e.,
(4.4) fm = h
(n)
m gm = 0 for any n > m.
To prove (4.4), consider any n > m. Since f = hng
n, fm is the sum of x
m-coeffi-
cients of all products of monomials
(4.5) h
(n)
j x
j · gi1x
i1 · gi2x
i2 · · · ginx
in
with j + i1 + i2 + · · ·+ in = m. Hence fm is a sum of products of the form
(4.6) h
(n)
j α
t1 (gi1)α
t2 (gi2) · · ·α
tn(gin),
where j + i1 + i2 + · · · + in = m and t1, . . . , tn are some nonnegative integers.
Since n > m, at least one of the indexes i1, i2, . . . , in has to be equal to 0. Hence
there exists p ∈ {1, 2, . . . , n} such that gip = g0. If j < m, then by the induction
hypothesis we have h
(n)
j gp = h
(n)
j g0 = 0, and thus Lemma 4.3 implies that the
product (4.6) is equal to 0 in this case. Hence the only case we are left with is that
for j = m. Then i1 = i2 = . . . = in = 0 and in this case the product (4.5) is equal
to
(4.7) h(n)m x
mgn0 = h
(n)
m α
m(gn0 )x
m.
Hence for any n > m we have
(4.8) fm = h
(n)
m α
m(gn0 ) = h
(n)
m α
m(g0)
n,
and thus fm ∈
⋂
n∈NR(α
m(g0))
n. Since g0 6∈ U(R) and α preserves nonunits, also
αm(g0) 6∈ U(R). Hence, since R is right Archimedean, fm = 0 follows. Thus,
by combining Lemma 4.3 with (4.8), we obtain h
(n)
m g0 = 0, so (4.4) holds, which
completes the proof of the implication (ii) ⇒ (i).
(ii) ⇔ (iii): This equivalence follows from Lemma 4.2. 
In the result below we characterize skew power series rings that are reduced left
Archimedean.
Theorem 4.5. Let R be a ring and α an endomorphism of R. Then the following
conditions are equivalent:
(i) R[[x;α]] is a reduced left Archimedean ring.
(ii) R is a left Archimedean ring and α is rigid.
(iii) R is a reduced left Archimedean ring and α is compatible.
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Proof. The proof is similar to that of Theorem 4.4. In the left Archimedean case,
instead of (4.7) we obtain the monomial gn0 h
(n)
m xm and thus (4.8) changes to fm =
gn0h
(n)
m . Hence in this case, to follow the argument of the proof of Theorem 4.4,
there is no need to assume that α preserves nonunits of R. 
As an immediate consequence of Theorems 4.4 and 4.5 we obtain the following
corollary.
Corollary 4.6. For any ring R the following conditions are equivalent:
(i) R[[x]] is a reduced right (resp. left) Archimedean ring.
(ii) R is a reduced right (resp. left) Archimedean ring.
As promised, we will present an example of a reduced Archimedean ring which
is not a domain. Our example will be based on the following observation.
Proposition 4.7. Let R be a ring and I1, I2 ideals of R.
(a) If the rings R/I1 and R/I2 are reduced, then so is the ring R/(I1 ∩ I2).
(b) If the ideals I1 and I2 are incomparable (i.e., I1 6⊆ I2 and I2 6⊆ I1), then
the ring R/(I1 ∩ I2) is not a domain.
(c) If I1, I2 ⊆ J(R) and both the rings R/I1 and R/I2 are right (resp. left)
Archimedean, then the ring R/(I1 ∩ I2) is right (resp. left) Archimedean.
Proof. For any r ∈ R, let r denote the coset r + I1 ∩ I2 in the factor ring R =
R/(I1 ∩ I2).
(a): Let a ∈ R be such that a2 = 0. Then a2 ∈ I1 and a
2 ∈ I2, and since R/I1
and R/I2 are reduced, it follows that a ∈ I1 ∩ I2, i.e., a = 0. Hence R is reduced.
(b): Since I1, I2 are incomparable, there exist a ∈ I1 \ I2 and b ∈ I2 \ I1. Then
ab ∈ I1 ∩ I2, so we have a 6= 0, b 6= 0 and ab = 0. Hence R is not a domain.
(c): We consider only the right Archimedean case, since the left Archimedean
case follows by similar arguments.
To prove that R is right Archimedean, let b, a ∈ R be such that b 6= 0 and
b ∈
⋂
n∈NRa
n, i.e., b 6∈ I1 ∩ I2 and for any n ∈ N there exists cn ∈ R such that
b − cna
n ∈ I1 ∩ I2. Without loss of generality we can assume that b 6∈ I1. Then,
since b−cna
n ∈ I1 and R/I1 is right Archimedean, the coset a+I1 is a unit of R/I1,
i.e., there exists v ∈ R such that av− 1 ∈ I1 and va− 1 ∈ I1. Hence av, va ∈ 1+ I1,
and since I1 ⊆ J(R), we obtain av, va ∈ U(R), which implies a ∈ U(R). Thus in
the ring R we have a ∈ U(R), which shows that R is right Archimedean. 
Example 4.8. (There exists a commutative reduced Archimedean ring which is
not a domain.) Let F be a field and R = F [[x, y]] the ring of power series in the
variables x, y over F . Let I1 (resp. I2) be the ideal of R generated by x (resp. y).
Then R/I1 ≃ F [[y]] and R/I2 ≃ F [[x]] and thus by Corollary 4.6 both the rings
R/I1 and R/I2 are reduced Archimedean. Since the Jacobson radical of R consists
of those power series whose constant term is zero, I1 ⊆ J(R) and I2 ⊆ J(R), and
obviously the ideals I1, I2 are incomparable. Hence by Proposition 4.7 the factor
ring R/(I1∩I2) is a commutative reduced Archimedean ring which is not a domain.
We close the paper with an example of a reduced right and left Archimedean
skew power series ring which is not a domain.
Example 4.9. (There exists a reduced skew power series ring which is left and right
Archimedean, but neither a domain nor a commutative ring). LetR be the ring from
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Example 4.8. Since R is the factor ring of F [[x, y]] modulo the ideal generated by
the product xy, we can consider the ring R to be the set of elements uniquely written
in the form a+B(x)+C(y), where a ∈ F , B(x) ∈ xF [[x]] and C(y) ∈ yF [[y]], with
usual addition and with multiplication subject to the relation xy = 0. We define a
map α : R→ R by setting α(a+B(x) +C(y)) = a+B(x2) +C(y). One can easily
verify that α is a rigid endomorphism of R preserving nonunits of R. Hence by
Theorems 4.4 and 4.5, the skew power series ring R[[t;α]] is a reduced ring which
is left and right Archimedean, but neither a domain nor a commutative ring.
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